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　Ⅰ．Introduction
A sampled-data control or a sector servo is widely 
applied in information processing apparatuses 
because of developing digital controls by high 
speed computers.  The measurement signals for the 
sampled-data control are not continuous, but 
discrete.  For example for the sector ser vo in 
magnetic disk drives [1]-[3] or optical disk drives [4] 
we get head position signals in order to read buried 
position marks. These marks are set from several 
hundreds to a thousand in a track of a disk between 
the data marks on the disk media.
In order to get the precise and high speed 
control, it is effective to get measured signals with 
higher sampling rate [5]. However it is difficult to 
increase the sampling rate because of the restrictions 
for the servo mark number and the limit of disk 
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Abstract
Aiming to achieve a higher sampling rate estimation, we studied a Kalman filter with dual 
models, under the condition that we can increase the input signal sampling rate and cannot 
change the output signal sampling rate. We have evaluated the estimation error for the proposed 
Kalman filter with dual models and for the conventional Kalman filter using computer 
simulations. Moreover, we have examined an influence for the estimation error that was caused 
by the modeling error for the one-dimensional system, i.e. the scalar system.  From the results 
the MSE (Mean Square Error) of the estimation error for the proposed system is smaller than 
that for the conventional estimation. Since we have derived the similar results for the two-
dimensional system from computer simulations, we will report on these precisely.  Moreover, the 
MSE of the estimation error for the proposed estimation is almost constant even if the modeling 
error changes from -30% to +30%. Therefore, it is shown that the proposed Kalman filter with 
dual models is more precise and robust against the modeling error than the conventional estimation. 
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rotation speed and so on. Therefore, sampled-data 
controls at a higher sampling rate or on multi-rate 
sampling are proposed in many papers [1]-[3].
In the paper [1] the position error signals (PES) 
from the track center for the hard disk are derived 
using on ACORN estimator at high sampling rates. 
And in the paper [5] the disturbance observer is 
used to estimate the head positions.
By the way, we have studied a novel Kalman filter 
with dual models for taking real-time state variables 
when the system is accompanied with a time delay. 
We have already repor ted experimental and 
simulated results showing that the proposed 
Kalman filter with the dual models is very effective 
for a system with a long transmission time delay, 
because it is more robust and precise several times 
than that with a conventional single model [6]-[12]. 
Moreover, for the higher sampling rate estimation 
system we have showed that the proposed Kalman 
filter with the dual models is very effective from the 
computer simulation for the one-dimensional 
system [13].
This time we utilize this novel Kalman filter with 
dual models to the sampled-data control. In this 
application there are some restrictions that we 
cannot increase the sampling rate for the measured 
signal, but can simply increase that for the input 
signal usually. This is the reason why we cannot 
simply change the number of the servo marks or a 
rotation speed of the disk. 
In our estimation system it is very important to 
determine the actual plant parameters, in order to 
achieve the optimal Kalman filter. Moreover, the 
parameters are ver y complicated, so there are 
inevitable modeling errors in the parameters. 
Therefore it is available to calculate the influence 
for the modeling error that is the dif ference 
between the actual plant parameters and the model 
ones. We calculate this using the computer 
simulations.
  
　Ⅱ．Configuration of the Estimation System
Figure 1 shows a block diagram for the proposed 
Kalman filter with dual models for the estimation in 
higher sampling rate.  The model-A in the figure is 
normal model for the plant. The dif ference e1 
between the plant output signal Yr and the model-A 
output signal YA is derived from the subtracter.  The 
dif ference e1 is multiplied by LA. The multiplied 
signal is input into the model-A in order to com-
pensate the model-A. The optimal Kalman filter [14] 
is consisted from the model-A, the subtracter, and 
the multiplier LA.  The same dif ference signal e1 
multiplied by LB (=LA/N) is input into the model-B. 
Moreover, the input signal u for the model-B 
converted into the high rate sampling signal is input 
into the model-B. The sampling frequency for the 
model-B  is N  times higher than that for the 
model-A.
By setting the control input as u, we get the 
discrete state equation as
X(k+1) = AX(k) + Bu(k),  (1)
where X(k) is a state vector at a sampling time k, A 
is a state matrix, and B is a control matrix.  The 
output equation is
Y(k) = CX(k) + w(k),   (2)
where C is an output matrix, w is measurement 
noise. The parameters u and w are assumed to be 
Gaussian and white noise with covariance U and W, 
respectively. The estimation state vector X* by a 
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Fig. 1   Block diagram for proposed Kalman filter 
with dual models.
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Kalman filter is represented as follows,
X*(k+1) = AX*(k) + Bu + S(k)  (3)
S(k) = L(k)(Y(k)-C(AX*(k) + Bu)) (4)
P(k) = (M(k)-1 + CTW -1 C) -1 ,  (5)
M(k) = AP(k-1)AT + BUBT,  (6)
L(k) = P(k)CTW-1 ,  (7)
where L is a Kalman gain, S is a compensation 
signal, and u is an average signal of the input.
 The estimated signal X2* from the model-B is 
X2*(k+1) = A2X2*(k) + B2u2 + S(k)/N,  (8)
where A2 and B2 are the parameters for higher 
sampling, u 2 is the input signal whose sampling 
frequency is multiplied by N, N is the number of the 
sampling interval division, and the compensation 
signal S is given by (4).  The output estimated 
signal Yp* is 
Yp*(k) = CX2*(k)   (9)
　Ⅲ．Computer Simulation
In our estimation system it is very important to 
determine the actual plant parameters, in order to 
achieve the optimal Kalman filter. Moreover, the 
parameters are ver y complicated, so there are 
inevitable modeling errors in the parameters. 
Therefore, it is available to calculate the influence 
for the modeling error that is the dif ference 
between the actual plant parameters and the model 
ones. We calculated this using the computer simu-
lations.
A.  Simulation Method 
We suppose that the plant is a two-dimensional 
rotational system, as follows [14]. 
J(dx1/dt) + k1x1 = k2u,  (10)
dx2/dt = x1 , (11)
where x1 is an angular velocity, x2 is an angular 
position, J is an inertia, k1 is a viscous damping 
coefficient, and k2 is a torque constant of the motor. 
We transform (10) and (11) into discrete equations.
x1 (k+1) = ax1 (k) + bu(k),  (12)
x2 (k+1) = tx1 (k) + x2 (k) , (13)
where x1 (k) is the angular velocity at a sample time 
k, x2 (k) is the angular position, a=1 - tk1/J, 
b=tk2/J, and t is a sampling time. And the output 
equation is
y(k) = cx2 (k).  (14)
In a computer calculation k1 =0.5, k2 =1.0, c=1.0 
and t=1.0. The variance of the input noise U and 
the measurement noise W are 0.13 and 1.02, 
respectively.  The input signal is sinusoidal function 
whose frequency (0.03 Hz) is quite shorter than 
that of the sampling frequency.
In a computer calculation cycle there are steps 
for calculating the output signal for the model-A at 
normal sampling time, that for the model-B at 
higher sampling time, and that for the simulated 
signal added by the pseudo-Gaussian noise.  The 
noises are generated from uniform random num-
bers in the built-in mathematical library function 
(rand( ) ) of Turbo C/C++. The Kalman gains are 
derived from Matlab R2016b with Cotrol System 
Toolbox.
B.  Simulation Results
Figure 2 shows an example of time responses for 
the estimated output signals of the rotational 
position at N=3 (the number of division = 3) 
during the first 8 sampling.  Thin blue dotted lines 
Fig.2  Time response example for N=3
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with circle plots (Yk) represent the reference signal 
calculated from the linear interpolated values 
among two adjacent estimated values by the normal 
Kalman filter with the input signal of normal 
sampling frequency. Red broken lines with triangle 
plots (Yc) do the conventional estimated signal that 
is derived by inputting the higher rate sampling 
input signal into the normal Kalman filter.  Black 
solid lines with diamond plots (Yp) do the proposed 
estimated signal derived from the model-B.
 From the figure because the black solid lines (Yp) 
almost coincide with the blue dotted lines (Yk), it is 
clear that the proposed estimation signals are closer 
to the reference signals than the conventional 
estimation.
Figure 3 shows the Kalman gains LB versus the 
number of division for a sampling interval. The 
parameter L1 shown by blue lines is the Kalman 
gains for the estimation values of the angular 
velocity x1, and the L2 shown by red lines is ones for 
the angular position x2. Both gains become smaller 
according to the larger number of division.
Figure 4 shows a relationship between the MSE 
(Mean Square Error) of the estimation error and 
the number of division.  The ver tical axis is 
represented by logarithmic scale. The MSE for the 
proposed Kalman filter shown in blue lines (P) is 
calculated from the dif ference between the 
interpolated value (=reference value) derived from 
the normal estimation and the proposed estimation 
value for the higher sampling rate. These reference 
values are derived from the linear interpolation 
between two adjacent values calculated from the 
normal Kalman filter. 
The MSE for the conventional values shown in 
the red lines (C) are derived from the model in the 
normal Kalman filter. That is, the conventional 
estimation values are calculated by inputting the 
input signal into the model. The horizontal axis 
shows the number of division N for one sampling 
interval. The bigger division number is the higher 
sampling rate. The solid blue lines with blue circle 
plots represent the proposed estimation values, and 
the red lines with red plots do the conventional 
estimation values.
From the figure the MSE of the estimation error 
for the proposed system is smaller by over 10 times 
than that for the conventional system.  Moreover 
the MSE gradually increases when the division 
number is bigger, because the estimation values 
become more roughly by many extrapolations.
Figures 5, 6 and 7 show the influence for the 
modeling error in the k1 parameter in case of the 
number of division 3, 6 and 9, respectively. The 
ver tical axis shown by the logarithmic scale 
represents the MSE, that is the error dif ference 
Fig.3   A relationship between Kalman gains and 
number of division.
Fig.4   A relationship between MSE and number of 
division.
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between the reference values and the estimated 
values, similar to the MSE in Fig.4. The horizontal 
axis shows the modeling error in the k1 parameter. 
There is no error in the model at 1.0 in the horizontal 
axis.  For example, in the index box P-9 shows the 
proposed estimation values at the division number 
9, C-3 does the conventional estimation values at 
the division number 3. 
From these figures the MSEs for the conventional 
estimation become larger when the modeling error 
is far apart from the center of the horizontal axis, 
that is 1.0.  However, the MSEs for the proposed 
estimation are extremely smaller than ones for the 
conventional estimation, and decrease gradually 
toward +30% error, because the model-B is 
modified from the compensation signal for the 
model-A in the Kalman filter. That is to say, the 
model-B changes according to the compensation 
signal.
Figures 8, 9 and 10 show the influence for the 
modeling error in the k2 parameter.  The other 
condition is the same as in Figs. 5-7.
From the figures the MSEs for the conventional 
estimation have the same tendency as Figs. 5-7. The 
MSEs for the proposed estimation change smaller 
toward +30% error, on the contrary in case of the 
modeling error in k1. In any case the difference of 
MSEs  from -30% to +30% for the proposed 
estimation is extremely small.
   
0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4
0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4
0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4
Fig.5   A relationship between MSE and modeling 
error in k1 at N=3.
Fig.7   A relationship between MSE and modeling 
error in k1 at N=9.
Fig.6   A relationship between MSE and modeling 
error in k1 at N=6.
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　Ⅳ . Conclusion
Aiming to  achieve higher  sampl ing rate 
estimation, we studied a Kalman filter with dual 
models. In the system we can increase the input 
signal sampling rate and cannot change the output 
signal sampling rate. We have evaluated the 
estimation error for the proposed Kalman filter with 
dual models and for the conventional Kalman filter 
using computer simulations to the two-dimensional 
rotational system.  Moreover, we have examined an 
influence for the estimation error that was caused 
by the modeling error for the system. From the 
results the MSE (Mean Square Error) of the esti-
mation error for the proposed system is smaller by 
over several 10 times than that for the conventional 
estimation. Moreover, the MSE of the estimation 
error for the proposed estimation is almost constant 
even if the modeling error changes from -30% to 
+30%. Therefore, it is shown that the proposed 
Kalman filter with dual models for the two-
dimensional systems is more precise and robust 
against the modeling error than the conventional 
estimation same as the one-dimensional system.
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